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Abstract
In this paper, we will generalize the Bott-Virasoro group, applying the concept of the connection
cochain, and derive the Euler equations corresponding to the generalized Bott-Virasoro group. We
will show the relationships between the new Euler equations and the old ones. Moreover, we will
study the geodesic equation corresponding to the Burgers equation and apply it to the exponential
curve.
1 Introduction
In Section 2, we give some fundamental knowledge of the Euler equations,
d
dt
m(t) = ad∗A−1(m(t))m(t)
which has also been generalized to the homogeneous space. For some details, please refer to [1]. In
Section 3, we apply the concept of the connection cochain, and construct the generalized Bott-Virasoro
group Diff(S1)×χα
R
+βB +R, and shows that
Proposition 1. The generalized Virasoro group Diff(S1) ×χα
R
+βB R is isomorphic to ((D˜iff(S1) ×Z,α
R)×βBR R)/Im ι, where BR : (D˜iff(S
1)×Z,α R)× (D˜iff(S1)×Z,α R)→ R is given by
([f˜1, a1], [f˜2, a2]) 7→ B(f1, f2),
and ι : R→ (D˜iff(S1)×Z,α R)×βBR R is given by
a 7→ ([id, a],−a).
For the details of the connection cochain, please refer to [3]. In Section 4, we talk about the Burgers
Eqaution and shows for the exponential curve exp(tX) that
Proposition 2. The curve exp(tX) is a geodesic if and only if X = const 6= 0.
In section 5, we talk about the KdV equation and apply the Euler equation to the generalized Bott-
Virasoro group in Proposition 18. Moreover, we shows that the mKdV equation is Hamiltonian with
respect to some Poisson structure in Proposition 17. In Section 6 and 7, we apply the Euler equation to
the generalized Bott-Virasoro group and obtain
Proposition 3. The Euler equation corresponding to (Diff(S1)×χα
R
+βB R)/S
1 is
d
dt
(u, a) = ad∗((−∂2
x
)−1u,a)(udx⊗ dx, a)
= (−2((−∂2x)
−1u)′u− ((−∂2x)
−1u)u′ − αa((−∂2x)
−1u)′′′ + βa((−∂2x)
−1u)′, a).
Letting u = v′′, we have
vxxt = 2vxvxx + vvxxx + αavxxx − βavx,
which is a new equation. Letting v = w − αa, we have
vxxt = 2vxvxx + vvxxx − βavx.
1
Proposition 4. The Euler equation corresponding to the generalized Virasoro group and H1-metric is
d
dt
(u, a) = ad∗((1−∂2
x
)−1u d
dx
,a)(udx⊗ dx, a)
= −2(((1− ∂2x)
−1u)′u− ((1 − ∂2x)
−1u)u′ − αa((1 − ∂2x)
−1u)′′′ + βa((1 − ∂2x)
−1u)′, a)
Letting u = v − v′′, we have
vt − vxxt = −3vxv + 2vxvxx + vvxxx − αavxxx + βavx.
Letting v = w + 13aβ, we obtain
wt − wxxt = −3wxw + 2wxwxx + wwxxx − (αa+
1
3
βa)wxxx.
2 The Euler Equation
Let G be a Lie group and g its Lie algebra.
Definition 5. A linear invertible operator A : g→ g∗ is called an inertia operator if
A(u)(v) = A(v)(u)
for any u, v ∈ g.
The inertia operator gives rise to an inner product 〈−,−〉 : g× g → R given by
(u, v) 7→ A(u)(v)
for u, v ∈ g which leads to a right-invariant metric (−,−) : TG⊗ TG→ R defined by
(X,Y ) := 〈θ(X), θ(Y )〉,
where X,Y ∈ TgG and θ : TG→ g is the right Mauer-Cartan form given by
X 7→ rg−1∗X
for X ∈ TgG. Recall that the energy functional of a smooth curve c : [a, b]→ G is given by
E(c) =
1
2
∫ b
a
(c′(t), c′(t))dt.
Theorem 6. A curve c : [a, b]→ G is a geodesic with respect to the right-invariant metric on G if and
only if
d
dt
m(t) = ad∗A−1(m(t))m(t)
where m(t) = A(θ(c′(t))) and ad∗ represents the coadjoint action of g on g.
Let G be a Lie group and K its subgroup. Consider the space G/K of right cosets {Kg | g ∈ G} on
which the group G acts on the right.
Definition 7. An linear operator A : g → g∗ is called a degenerate inertia operator if
A(u)(v) = A(v)(u)
for any u, v ∈ g.
Let 〈−,−〉 : g× g → R be the degenerate inner product given by
(u, v) 7→ A(u)(v)
for u, v ∈ g and (−,−)G : TG⊗ TG→ R the corresponding degenerate right-invariant metric given by
(X,Y ) 7→ 〈θ(X), θ(Y )〉
for X,Y ∈ TgG.
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Theorem 8. The degenerate right-invariant metric (−,−)G on G descends to a metric on G/K if
kerA = k and
A(Adku)(Adkv) = A(u)(v) (1)
for all k ∈ k and u, v ∈ g.
Note that in metric (−,−) : T (G/K)⊗ T (G/K)→ R induced by (−,−)G is given by
(X,Y ) 7→ (X˜, Y˜ )G (2)
for X,Y ∈ TKg(G/K), where X˜, Y˜ ∈ TgG are some lifts of X,Y .
Theorem 9. A curve c : [a, b]→ G/K is a geodesic with respect to the metric given by (2) if and only
if there exists a lift c˜ : [a, b]→ G such that
d
dt
m(t) = ad∗A−1(m(t))m(t) (3)
where m(t) = A(θ(c˜′(t))).
Note that the right-hand side of (3) is well-defined. Indeed, by (1), for any V ∈ k and a, b ∈ g, we have
A(adV a)(b) +A(a)(adV b) =
d
dt
∣∣∣∣
t=0
A(AdcV (t)a)(AdcV (t)b) = 0,
where cV is a curve in K with initial vector V . It follows that
(ad∗V A(a))(b) = −A(a)(adV b) = A(a)(adbV ) = −A(adba)(V ) = −A(V )(adba) = 0,
for any V ∈ k and a, b ∈ g.
3 Connection Cochain and Generalized Virasoro Group
Definition 10. For a central extension 1 // A // G˜
pi
// G // 1 , a cochain τ : G˜→ A that
satisfies the condition
τ(ag˜) = a+ τ(g˜)
for all g˜ ∈ G˜ and a ∈ A is called a connection cochain .
Proposition 11. There exists a 2-cocycle σ on G such that δτ(g˜, h˜) = σ(g, h) for any g, h ∈ G. We call
σ the curvature of a connection cochain.
Proposition 12. Define the Euler cocycle χ : G×G→ A by
χ(g1, g2) = s(g1)s(g2)s(g1g2)
−1
where s : G→ G˜ is a section of pi : G˜→ G. Then, we have [χ] = −[σ] in H2(G,A).
Proposition 13. Let s : G→ G˜ be a section, which gives rise to an Euler cocycle χ, and τ : G˜ → A a
connection cochain defined by
g˜ 7→ g˜s(g)−1.
Then, we have χ = −σ.
Remark 14. Let B be an abelian group with a homomorphism ι : A→ B. A map τ : G˜→ B satisfying
τ(ag˜) = τ(g˜) + ι(a)
is called a connection cochain with values in B. Given a central extension
1 // A // G˜ // G // 1 ,
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we can extend it to a central extension
1 // B // G˜×A,ι B // G // 1 . (4)
The multiplication in G˜×A,ι B is given by
[g˜1, b1][g˜2, b2] = [g˜1g˜2, b1 + b2].
Define τB : G˜×A,ι B → B by
[g˜, b] 7→ τ(g˜) + b.
It is well-defined since
τ(ag˜) + b− ι(a) = τ(g˜) + b.
Moreover, since
τB([g˜, b]b
′) = τ([g˜, b+ b′]) = τ(g˜) + b + b′ = τB([g˜, b]) + b
′,
we see that τB is a connection cochain of (4).
Consider the following central extension:
1 // Z // D˜iff(S1)
ρ
// Diff(S1) // 1 .
Here, an element f˜ ∈ D˜iff(S1) is regarded as an orientation-preserving diffeomorphism of R such that
f˜(x+ 2pi) = f˜(x) + 2pi. Then,
Diff(S1) = D˜iff(S1)/ ∼,
where f˜ ∼ g˜ if and only if f˜(x) = g˜(x) + 2npi for some n ∈ N. For α ∈ R, define α : Z→ R by
k 7→ −2pi2αk.
Define τα : D˜iff(S1)→ R by
τα(f) = −
α
2
∫ 2pi
0
f˜(x)dx + pi2α.
It’s easy to see that τα is a connection cochain with values in R, since
τα(f˜ ◦ k) = −
α
2
∫ 2pi
0
f˜(x+ 2kpi)dx+ pi2α = τα(f) + α(k).
By Remark 5, τα gives rise to a connection cochain τα
R
: D˜iff(S1) ×Z,α R → R of the following central
extension
1 // R // D˜iff(S1)×Z,α R
pi
// Diff(S1) // 1 .
by τα
R
([f˜ , a]) = τα(f) + a. Define sα
R
: Diff(S1)→ D˜iff(S1)×Z,α R by
f 7→ [f˜ , a− τα
R
([f˜ , a])].
The section sα
R
is well-defined, since
[f˜ ◦ k, a+ a′ − τα
R
([f˜ ◦ k, a+ a′])] = [f˜ , a− τα
R
([f˜ , a])].
Moreover, sα
R
is smooth since
[f˜ ◦ k, a− τα
R
([f˜ ◦ k, a])] = [f˜ , a− τα
R
([f˜ , a])].
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Then, sα
R
leads to the smooth Euler cocycle χα
R
: Diff(S1)×Diff(S1)→ R
χα
R
(f1, f2) = s
α
R
(f1, f2)
−1 = sα
R
(f1f2)
−1sα
R
(f1)s
α
R
(f2)
= [f˜−12 ◦ f˜
−1
1 , τ
α
R
([f˜ ◦ f˜2, 0])][f˜1.− τ
α
R
([f˜1, 0])][f˜2,−τ
α
R
([f˜2, 0])]
=
α
2
∫ 2pi
0
(f˜1(x) + f˜2(x) − f˜1 ◦ f˜2(x))dx − pi
2α,
where we have identified R with with its image in D˜iff(S1)×Z,αR. Note that by Proposition 13, we have
χα
R
(f1, f2) = −δτ
α
R
([f˜1, a1], [f˜2, a2]).
Proposition 15. The generalized Virasoro group Diff(S1)×χα
R
+βBR is isomorphic to ((D˜iff(S1)×Z,α
R)×βBR R)/Im ι, where BR : (D˜iff(S
1)×Z,α R)× (D˜iff(S1)×Z,α R)→ R is given by
([f˜1, a1], [f˜2, a2]) 7→ B(f1, f2),
and ι : R→ (D˜iff(S1)×Z,α R)×βBR R is given by
a 7→ ([id, a],−a).
Proof. Note that Im ι is central in (D˜iff(S1)×Z,α R)×βBR R, since
([id, a]− a)([f˜ , b], c) = ([f˜ , a+ b], c− a) = ([f˜ , b], c)([id, a],−a).
Therefore, ((D˜iff(S1) ×Z,α R) ×βBR R)/Im ι is indeed a Lie group. Define Ψ : ((D˜iff(S
1) ×Z,α R) ×βBR
R)/Im ι→ Diff(S1)×χα
R
+βB R by
[[f˜ , a], b] 7→ (f, b+ τα
R
([f˜ , a])).
Since
Ψ([[f˜1, a1], b1][[f˜2, a2], b2]) = Ψ([[f˜1 ◦ f˜2, a1 + a2], b1 + b2 + βBR([f˜1, a1], [f˜2, a2])])
= (f1 ◦ f2, b1 + b2 + βB(f1, f2) + τ
α
R
([f˜1, a1], [f˜2, a2]))
= (f1 ◦ f2, b1 + b2 + βB(f1, f2) + χ
α
R
(f1, f2) + τ
α
R
([f˜1, a1]) + τ
α
R
([f˜2, a2]))
= (f1, b1 + τ
α
R
([f˜1, a1]))(f2, b2 + τ
α
R
([f˜2, a2]))
= Ψ([[f˜1, a1], b1])τ
α
R
([[f˜2, a2], b2]),
we see that Ψ is a homomorphism. On the other hand, define Φ : Diff(S1)×χα
R
+βB R→ ((D˜iff(S1)×Z,α
R)×βBR R)/Im ι by
(f, b) 7→ [sα
R
(f), b].
It’s easy to see that
Φ ◦Ψ([f˜ , a], b) = Φ(f, b+ τα
R
([f˜ , a])) = [[f˜ , a− τα
R
([f˜ , a])], b + τα
R
([f˜ , a])] = [[f˜ , a], b],
and
Ψ ◦ Φ(f, b) = Ψ([sα
R
(f), b]) = (f, b+ τα
R
(sα
R
(f))) = (f, b),
which implies the claim.
Recall that the Lie algebraic Euler cocycle e : X(S1)× X(S1)→ R is defined by
e(u
d
dx
, v
d
dx
) =
∫
S1
uv′dx.
Since
d2
dtds
∣∣∣∣
t=s=0
χα
R
(cu d
dx
(−, t), cv d
dx
(−, s)) = −
d2
dtds
∣∣∣∣
t=s=0
α
2
∫ 2pi
0
cu d
dx
(cv d
dx
(x, s), t)dx =
α
2
∫
S1
uv′dx,
we see that
Lie(Diff(S1)×χα
R
+βB R) = χ(S
1)×αe+βω R
where ω denotes the Gelfand-Fuchs cocycle.
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4 Burgers Equation
Let G = Diff(S1) be the orientation-preserving diffeomorphism group of S1, whose Lie algebra is X(S1).
The dual space of X(S1) is regarded as {udx⊗ dx | u ∈ C∞(S1)} with the following pair
(udx⊗ dx)(v
d
dx
) =
∫
S1
uvdx.
Define A : X(S1)→ X(S1)∗ be the inertia operator by
u
d
dx
7→ udx⊗ dx.
Let 〈−,−〉 : X(S1)×X(S1) be the inner product associated with A and (−,−) the corresponding right-
invariant metric. Since
(ad∗u d
dx
(vdx ⊗ dx))(w
d
dx
) = −(vdx⊗ dx)(adu d
dx
w
d
dx
) = −(vdx⊗ dx)((u′w − uw′)
d
dx
)
=
∫
S1
(−2u′v − uv′)wdx
= ((−2u′v − uv′)dx⊗ dx)(w
d
dx
),
we obtain the Euler equation of Diff(S1) with respect to the right-invariant metric (−,−):
d
dt
(udx⊗ dx) = ad∗A−1(udx⊗dx)(udx⊗ dx) = ad
∗
u d
dx
(udx⊗ dx) = −3u′udx⊗ dx, (5)
where udx⊗ dx is a curve on X(S1)∗. For simplicity, we write (5) as
ut = −3uxu, (6)
called the Burgers equation . For c be a curve on Diff(S1), since
u(−, t) = rc(−,t)−1∗ct(−, t) =
d
ds
∣∣∣∣
s=t
c(−, s) ◦ c(−, t)−1 = ct(−, t) ◦ c(−, t)
−1, (7)
substituting (7) into (6), we obtain the geodesic equation
2ctxct + cttcx = 0. (8)
Proposition 16. The curve exp(tX) is a geodesic if and only if X = const 6= 0.
Proof. Since
d
dt
ϕX˜(1G, st) = sX˜ϕX˜(1G,st) = s˜XϕX˜(1G,st),
we have
ϕX˜(1G, st) = ϕs˜X(1G, t).
It follows that
exp(tX) = ϕ
t˜X
(1G, 1) = ϕX˜(1G, t).
It’s easy to see that
d
dt
ϕX˜(1G, t) = X˜ϕX˜(1G,t) = lϕX˜(1G,t)∗X =
d
ds
∣∣∣∣
s=0
ϕX˜(1G, t) ◦ cX(s) = ϕX˜(1G, t)
′X.
Therefore, we have
d2
dt2
ϕX˜(1G, t) =
d
dt
ϕX˜(1G, t)
′X = (ϕX˜(1G, t)
′X)′X = ϕX˜(1G, t)
′′X2 + ϕX˜(1G, t)
′X ′X,
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and
d2
dxdt
ϕX˜(1G, t) =
d
dx
ϕX˜(1G, t)
′X = ϕX˜(1G, t)
′′X + ϕX˜(1G, t)
′X ′.
Substituting these results into (8), we have
2(ϕX˜(1G, t)
′′X + ϕX˜(1G, t)
′X ′)(ϕX˜(1G, t)
′X) + (ϕX˜(1G, t)
′′X2 + ϕX˜(1G, t)
′X ′X)ϕX˜(1G, t)
′ = 0,
which is equivalent to
(ϕX˜(1G, t)
′X)′ = 0.
It follows that ϕX˜(1G, t)
′X = const. Therefore, we have
X = X˜ϕ
X˜
(1G,0) = ϕX˜(1G, 0)
′X = const.
5 Generalized KdV Equation and mKdV Eqaution
Let G = Diff(S1)×B R, where B : Diff(S
1)×Diff(S1)→ R is the Bott cocycle:
(ϕ, ψ) 7→
1
2
∫
S1
log(ϕ ◦ ψ)′d logψ′,
the Lie algebra of which is X(S1)×ω R, where ω : X(S
1)× X(S1)→ R is the Gelfand-Fuchs cocycle:
(u
d
dx
, v
d
dx
) 7→
∫
S1
v′w′′dx.
The dual space of X(S1)×ωR can be regarded as {(udx⊗dx, a) | u ∈ C
∞(S1), a ∈ R} with the following
pair:
(udx⊗ dx, a)(v
d
dx
, b) =
∫
S1
uvdx+ ab.
Define the inertia operator A : X(S1)×ω R→ (X(S
1)×ω R)
∗ by
(u
d
dx
, a) 7→ (udx⊗ dx, a).
Let 〈−,−〉 : (X(S1) ×ω R) × (X(S
1)×ω R) → R be the inner product associated with A and (−,−) the
corresponding right-invariant metric on Diff(S1)×B R. Since
(ad∗(u d
dx
,a)(vdx ⊗ dx, b))(w
d
dx
, c) = −(vdx⊗ dx, b)(ad(u d
dx
,a)(w
d
dx
, c))
= −(vdx⊗ dx, b)((u′w − uw′)
d
dx
,
∫
S1
u′w′′dx)
=
∫
S1
(−2u′v − uv′ − bu′′′)wdx
= ((−2u′v − uv′ − bu′′′)dx ⊗ dx, 0)(w
d
dx
, c),
we obtain the Euler equation of Diff(S1)×B R:
d
dt
(udx⊗ dx, a) = ad∗A−1(udx⊗dx,a)(udx⊗ dx, a) = ad
∗
(u d
dx
,a)(udx⊗ dx, a)
= ((−3u′u− au′′′)dx ⊗ dx, 0).
(9)
where (udx⊗ dx, a) is a curve on (X(S1)×ω R)
∗. For similicity, we write (9) as
ut = −3uxu− auxxx,
7
which is the KdV equation . The KdV equation can also be obtained by the Hamiltonian equation
with respect to the constant Poisson structure {−,−} : C∞((X(S1) ×ω R)
∗) × C∞((X(S1) ×ω R)
∗) →
C∞((X(S1)×ω R)
∗):
{F,G}(udx⊗ dx, a) = (−
1
2
dx⊗ dx, 0)[dF (udx⊗ dx, a), dG(udx ⊗ dx, a)]
where dF (udx⊗ dx, a) and dG(udx⊗ dx, a) are regarded as elements in X(S1)×ω R. Recall that for any
H and f in C∞((X(S1)×ω R)
∗), we have
(XHf)(udx⊗ dx, a) = {H, f}(udx⊗ dx, a) = (−
1
2
dx⊗ dx, 0)[dH(udx ⊗ dx, a), df(udx⊗ dx, a)]
= −(ad∗dH(udx⊗dx,a)(−
1
2
dx ⊗ dx, 0))(df(udx⊗ dx, a)).
It follows that in this case the Hamiltonian function is
d
dt
(udx⊗ dx, a) = XH(udx⊗ dx, a) = −ad
∗
dH(udx⊗dx,a)(−
1
2
dx ⊗ dx, 0).
Define H : (X(S1)×ω R)
∗ → R by
(udx⊗ dx, a) 7→
∫
S1
(
1
2
u3 −
a
2
u2x)dx.
It’s easy to see that
(vdx ⊗ dx, b)(dH(udx⊗ dx, a)) =
d
dt
∣∣∣∣
t=0
H((udx⊗ dx, a) + t(vdx ⊗ dx, b))
=
d
dt
∣∣∣∣
t=0
∫
S1
(
1
2
(u + tv)3 −
a+ tb
2
(u+ tv)2x)dx
=
∫
S1
(
3
2
u2v −
b
2
u2x − auxvx)dx
= (vdx ⊗ dx, b)((
3
2
u2 + auxx)
d
dx
,−
1
2
∫
S1
u2xdx).
It follows that the Hamiltonian fucntion with respect to H is
d
dt
(udx⊗ dx, a) = −ad∗(( 3
2
u2+auxx)
d
dx
,− 1
2
∫
S1
u2
x
dx)(−
1
2
dx⊗ dx, 0)
= (−(
3
2
u2 + auxx)xdx ⊗ dx, 0)
= ((−3uxu− auxxx)dx ⊗ dx, 0),
which is the KdV equation. With this method, we can also obtain the mKdV equation. Define
H : (X(S1)×ω R)
∗ → R by
(udx⊗ dx, a) 7→
∫
S1
(
3
4
u4 −
a
2
u2x)dx.
It’s easy to see that
(vdx ⊗ dx, b)(dH(udx⊗ dx, a)) =
d
dt
∣∣∣∣
t=0
H((udx⊗ dx, a) + t(vdx ⊗ dx, b))
=
d
dt
∣∣∣∣
t=0
∫
S1
(
3
4
(u+ tv)4 −
a+ tb
2
(u+ tv)2x)dx
=
∫
S1
(3u3v −
b
2
u2x − auxvx)dx
= (vdx ⊗ dx, b)((3u3 + auxx)
d
dx
,−
1
2
∫
S1
u2xdx).
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It follows that the Hamiltonian function with respect to H is
d
dt
(udx⊗ dx, a) = −ad∗((3u3+auxx) ddx ,−
1
2
∫
S1
u2
x
dx)(−
1
2
dx ⊗ dx, 0)
= (−(3u3 + auxx)xdx⊗ dx, 0)
= ((−6u2ux − auxxx)dx⊗ dx, 0),
which is the mKdV equation.
Proposition 17. The mKdV equation is Hamiltonian on the dual (X(S1) ×ω R)
∗ associated to the
constant Poisson structure with the freezing point in (X(S1)×ω R)
∗ is (− 12dx⊗ dx, 0).
Proposition 18. The Euler equation corresponding to the generalized Virasoro group is
d
dt
(udx⊗ dx, a) = ad∗A−1(udx⊗dx,a)(udx⊗ dx, a) = ad
∗
(u d
dx
,a)(udx⊗ dx, a)
= ((−3uu′ − aαu′′′ + aβu′)dx⊗ dx, a).
Let u = v + 13aβ, we obtain
vt = −3vxv − aαvxxx,
which is the KdV euqation.
6 Generalized CamassaHolm equation
Let G = Diff(S1)×B R, whose Lie algebra is X(S
1)×ω R. Define the inertia operator A : X(S
1)×ω R→
(X(S1)×ω R)
∗ by
(u
d
dx
, a) 7→ ((u− uxx)dx ⊗ dx, a).
Let 〈−,−〉 be the inner product associated with A and (−,−) the corresponding right-invariant metric.
Recall that
ad∗(u d
dx
,a)(vdx⊗ dx, b) = ((−2u
′v − uv′ − bu′′′)dx⊗ dx, 0).
We see that the associated Euler equation is
d
dt
(udx⊗ dx, a) = ad∗A−1(udx⊗dx)(udx⊗ dx, a) = ad
∗
((1− d
2
dx2
)−1u d
dx
,a)
(udx⊗ dx, a)
= ((−2((1−
d2
dx2
)−1u)′u− ((1−
d2
dx2
)−1u)u′ − b((1 −
d2
dx2
)−1u)′′′)dx ⊗ dx, 0)
Let u = v − v′′. Then, the equation above becomes
d
dt
(v − vxx) = −2vx(v − vxx)− v(v − vxx)x − bvxxx,
which is equivalent to
vt − vtxx = −3vxv + 2vxvxx + vvxxx − bvxxx,
called the CamassaHolm equation . Note that in the discussion above, we have restricted our curve
to the form
u = v − v′′.
Proposition 19. The Euler equation corresponding to (Diff(S1)×χα
R
+βB R)/S
1 is
d
dt
(u, a) = ad∗((−∂2
x
)−1u,a)(udx⊗ dx, a)
= (−2((−∂2x)
−1u)′u− ((−∂2x)
−1u)u′ − αa((−∂2x)
−1u)′′′ + βa((−∂2x)
−1u)′, a).
Letting u = v′′, we have
vxxt = 2vxvxx + vvxxx + αavxxx − βavx,
which is a new equation. Letting v = w − αa, we have
vxxt = 2vxvxx + vvxxx − βavx.
9
7 Generalized Hunter-Saxton Equation
Let G = (Diff(S1)×B R)/S
1 and A : X(S1)×ω R→ (X(S
1)×ω R)
∗ given by
(u
d
dx
, a) 7→ (−u′′dx⊗ dx, a).
It’s easy to see that kerA = R = Lie(S1), and
A(Ad(0,k)(u
d
dx
, a))(Ad(0,k)(v
d
dx
, b)) = A(u
d
dx
, a)(v
d
dx
, b).
It follows that the degenerate metric (−,−)Diff(S1)×BR descends to a metric (−,−) on (Diff(S
1)×BR)/S
1.
By Theorem 1.5, the corresponding Euler equation is
d
dt
(udx⊗ dx, a) = ad∗A−1(udx⊗dx,a)(udx⊗ dx, a) = ad
∗
(−(( d
2
dx2
)−1u) d
dx
,a)
(udx⊗ dx, a)
= −2(−((
d2
dx2
)−1u)′u− (−((
d2
dx2
)−1u)u′ − a(−((
d2
dx2
)−1u)′′′.
Assuming that u = v′′, we have
vxxt = 2vxxvx + vvxxx + avxxx.
Note that if we let w = v − a, we could get the Euler equation corresonding to Diff(S1)/S1, which has
the form
wxxt = 2wxxwx + wwxxx.
Proposition 20. The Euler equation corresponding to the generalized Virasoro group and H1-metric is
d
dt
(u, a) = ad∗((1−∂2
x
)−1u d
dx
,a)(udx⊗ dx, a)
= −2(((1− ∂2x)
−1u)′u− ((1 − ∂2x)
−1u)u′ − αa((1 − ∂2x)
−1u)′′′ + βa((1 − ∂2x)
−1u)′, a)
Letting u = v − v′′, we have
vt − vxxt = −3vxv + 2vxvxx + vvxxx − αavxxx + βavx.
Letting v = w + 13aβ, we obtain
wt − wxxt = −3wxw + 2wxwxx + wwxxx − (αa+
1
3
βa)wxxx.
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